Geometry Study Guide 3 Spring 2021

The Geometry of the Gauss Map

Throughout this chapter, S will denote a regular orientable surface in which an orientation (i.e.,
a differentiable field of unit normal vectors N) has been chosen; this will be simply called a
surface S with an orientation V.

Definition Let S C R® be a surface with an orientation N. The map N : S — R? takes its
values in the unit sphere

S = {(e..2) €| at 4yt 422 = 1)

The map N : S — S?, thus defined, is called the Gauss map of S.

N

%

It is straightforward to verify that the Gauss map is differentiable. Thus the differential dN,, is
a linear map from 7,5 to TN(p)S2. Since 7,5 and TN(p)S2 are the same vector spaces, dN, can
be viewed as a linear map dN, : T,,S — 1,5 from T,S to itself defined as follows.

For each parametrized curve «(t) in S with a(0) = p, we consider the parametrized curve
Noa(t) = N(t) in the sphere S?; thhis amounts to restricting the normal vector N to the curve
a(t). The tangent vector N'(0) = dN,(c/(0)) is a vector in 7,S. It measures the rate of change
of the normal vector N, restricted to the curve «(t), at ¢ = 0. Thus, dN, measures how N pulls
away from N(p) in a neighborhood of p. In the case of curves, this measure is given by a number,
the curvature. In the case of surfaces, this measure is characterized by a linear map.

Examples

1. Let S = {(2,9,2) € R* | aw + by + cz + d = 0} be a plane in R?. Then the unit normal
vector N = (a,b,c)/Va? + b% + 2 is a constant, and therefore dN = 0, i.e. dN,(v) = 0v =
0€TypS=T,Sforall pe S and all v e T,S.
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2. Consider the unit sphere
S?={(z,y,2) € R® | 2> + > + 22 = 1}.
If a(t) = (x(t),y(t), 2(t)) is a parametrized curve in S?, then
2¢()x'(t) + 2y(t)y'(t) + 22(4)2'(t) = 0 <= (a(t),d/(t)) =0,

which shows that the vector (,y,2) is normal to the sphere at the point (x,y, 2). Thus,
N = (7,y,2) and N = (—z,—y, —z) are fields of unit normal vectors in S®. Restricted to
the curve «(t), the normal vectors

N(t) = (=z(t), —y(t), ==(t)) = dN(@'(t),y'(t),2'(t)) = N'(t) = (=2"(t), =o' (1), == (1)),
N(t) = (z(t),y(t), (1)) — dAN('(t),y'(1),2'(t)) = N'(t) = (2(t), y'(£), /(1))
that is, dN,(v) = —v and dN,(v) = v for all p € S? and all v € T,,5>.

3. Consider the cylinder S = {(x,y,z2) € _]RS | 22 +y* = 1}. By an argument similar to that
of the previous example, we see that N = (z,y,0) and N = (—x,—y,0) are unit normal
vectors at (z,y, z). If (x(t),y(t),2(t)) is a parametrized curve in the cylinder, since

(@(t)” + (y(1)* =1 = 2x(t)a'(t) + 2y(t)y'(t) = 0,
we are able to see that, along this curve,
N(t) = (==(t), —y(t),0) = dN(2'(t),y'(t),7'(t)) = N'(t) = (=2"(t), =y'(1),0).

This implies that if v is a vector tangent to the cylinder and parallel to the z axis and if w
is a vector tangent to the cylinder and parallel to the zy plane, then

It follows that v and w are eigenvectors of d/N with eigenvalues 0 and —1, respectively.

4. Let us analyze the point p = (0,0, 0) of the hyperbolic paraboloid z = y* — 2. For this, we
consider a parametrization X (u,v) given by

X (u,v) = (u,v,v* —u?),

and compute the normal vectorN (u,v). We obtain X, = (1,0, —2u), X, = (0, 1, 2v) and

U —v 1

1’ 1 1
2 2 = 2 24 - 9 2 2,
\/u+v+4\/u+v+4 \/u+v+4

If a(t) = X (u(t), v(t)) is a curve with a(0) = p then the tangent vector ’(0) has coordinates
(¢/(0),2'(0),0). Restricting N(u,v) to this curve and computing N'(0), we obtain

N=X,NX, =

N'(0) = (2u/(0), —2v/(0), 0),

and therefore, at p,
dN,(u'(0),v'(0),0) = (2u(0), —=20(0), 0).

It follows that the vectors (1,0,0) and (0, 1,0) are eigenvectors of dN, with eigenvalues 2
and —2, respectively.
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5. The method of the previous example, applied to the point p = (0,0,0) of the paraboloid
x = x*+ky?, k > 0, shows that the unit vectors of the z axis and the y axis are eigenvectors
of dN,,, with eigenvalues 2 and 2k, respectively (assuming that IV is pointing outwards from
the region bounded by the paraboloid).

Proposition The differential dN, : 7,5 — 1,5 of the Gauss map is a self-adjoint linear map.
Proof Since dN, : T,,S — T,,S is linear, it suffices to verify that

(dNy(w1), we) = (wq,dNy(wy)) for a basis {wy,ws} of T,5.

Let X (u,v) be a parametrization of S at p and {X,, X,} the associated basis of T,5. If a(t) =
X(u(t),v(t)) is a parametrized curve in S, with a(0) = p, we have

AN, (o/(0)) = dN,(X,u'(0) + X,0'(0))

d
— EN(u(t),v(t))h:o

= N/ (0) + N,'(0);

in particular, dN,(X,) = N, and dN,(X,) = N,. Therefore, to prove that dN, : 7,5 — T,S is
self-adjoint, it suffices to show that

<NU7X”U> = <dNP(Xu>7Xv> = <Xu7de(X’U>> = <Xu7Nv>‘

Differentiating the equations (N, X,) = 0 and (N, X,) = 0 with respect to v and u, respectively,
we get
<Nv7Xu> + <N7 Xuv> =0 = <NvaXu> - _<N7 Xuv>
<Nuy Xv> + <N> Xvu) =0 = <NU7XU> = _<N7 Xvu>
- <Nv7Xu> = _<N7Xuv> = <NU7X’U>

This proves that dN, : T,,S — T,,S is a self-adjoint linear map.

Remark Let V' be a vector space of dimension 2, endowed with an inner product ( , ). We say
that a lincar map A:V — V is self-adjoint if (Av,w) = (v, Aw) for all v,w € V.

If {e1, ez} is an orthonormal basis for V' and («y;), 4,7 = 1,2, is the matrix of A relative to that
basis, then

(Aej, e;) = ayj = (e, Aei) = ayi,
that is, the matrix (a;;) is symmetric.
To each self-adjoint linear map we associate a map B : V x V' — R defined by

B(v,w) = (Av,w) Yv,we V.
B is clearly bilinear; that is, it is linear in both v and w. Moreover, the fact that A is self-adjoint
implies that B(v,w) = B(w,v); that is, B is a bilinear symmetric form in V.

Conversely, if B is a bilinear symmetric form in V, we can define a linear map A : V. — V by
(Av,w) = B(v,w) and the symmetry of B implies that A is self-adjoint.
On the other hand, to each symmetric, bilinear form B in V, there corresponds a quadratic form
@ in V given by

Q) = B(v,v), vev,
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and the knowledge of () determines B completely, since

B(v,w) :l

Q@ +w) — Q) - Q).

Thus, a one-to-one correspondence is established between quadratic forms in V' and self-adjoint
linear maps of V.

The fact that dN, : 17,5 — T,S is a self-adjoint linear map allows us to associate to dN, a
quadratic form in 7,5 defined as follows.

Definition The quadratic form 11, : 7,5 — R, defined by
II,(v) = —(dN,(v),v), wveT,s,

is called the second fundamental form of S at p.

Definition Let C' be a regular curve in S passing through p € S, k the curvature of C at p, and
cos = (n, N), where n is the normal vector to C' and N is the normal vector to S at p. The
number k,, = kcosf is then called the normal curvature of C' C S at p.

In other words, k,, is the length of the projection of the vector kn over the normal to the surface
at p, with a sign given by the orientation N of S at p.

Remarks

e The normal curvature of C' does not depend on the orientation of C' but changes sign with
a change of orientation for the surface.

e Letv € TS be a unit tangent vector to S at p, and let C' C S be a regular curve parametrized
by «a(s) : I — S, where s is the arc length of C, and with a(0) = p, &'(0) = v. Let
N(s) = N o «a(s) be the restriction of the normal vector N to the curve a(s). For all s € I,
since

(N(s),0/(s)) =0 = (N'(s),d(s))+(N(s),a"(s)) =0 = —(N'(s),0/(s)) = (N(s),a"(s)),
we have

p(@(0)) = —(dN,(/(0)),a'(0)) = —(dN,(—/(0)), —/(0)) = IL,(—/(0))
= —(N'(0),0'(0)) = (N(0),a"(0))
= (N(p),kn(p ))(>k kn(p) = kn(p) depends only on v = /(0) and 11,
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that is, the value of the second fundamental form /7, for a unit vector v € 7,5 is equal to
the normal curvature of a regular curve passing through p and tangent to v. In particular,
we obtained the following result.

Proposition (Meusnier) All curves lying on a surface S and having at a given point p € S
the same tangent line have at this point the same normal curvatures.

Remark Given a unit vector v € 7,5, the intersection of S with the plane containing v and
N(p) is called the normal section of S at p along v. In a neighborhood of p, a normal section of
S at p is a regular plane curve on S whose normal vector

n(p) = £N(p) or 0 (a zero vector when k = 0);

and, by (), k(p) = |k.(p)|. With this terminology, the above proposition says that the absolute
value of the normal curvature at p of a curve a(s) is equal to the curvature of the normal section
of S at p along &/(0).

C and C, have the same normal
curvature at p along v.

Normal section at p along v

Examples

1. Let S be the surface of revolution obtained by rotating the curve z = y*, parametrized by
a(t) = (0,t,t*), t € R, about the z axis and let p = a(0) = (0,0,0) € S. Since
|/ (0) x a”(0)]
k(p) = =0
I P [
o 7,8 ={(z,y,0) | (x,y) € R?}, the ay plane,
= N(p) // (0,0,1), i.e. the normal vector N(p) is parallel to the z axis,

and any normal section at p is obtained from the curve z = y* by rotation; hence, it has
curvature zero. It follows that all normal curvatures are zero at p, and thus dN, = 0.

2. e Let S ={(n,y,2) € R®| av+by+cz+d = 0} be aplane in R3. Since all normal sections
are straight lines, all normal curvatures are zero. Thus, the second fundamental form
is identically zero at all points. This agrees with the fact that dV, = 0 for all p € S.
o Let S* = {(z,y,2) € R® | 2 +y* + 2° = 1} with N as orientation, the normal sections
through a point p € S? are circles with radius 1. Thus, all normal curvatures are equal
to 1, and the second fundamental form is I,(v) = 1 for all p € S* and all v € T,S?
with |v] = 1.
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o Let S = {(z,y,2) € R* | 2* +y* = 1} be a cylinder in R3. Since the normal sections
at a point p vary from a circle perpendicular to the axis of the cylinder to a straight
line parallel to the axis of the cylinder, passing through a family of ellipses, the normal
curvatures varies from 1 to 0. It is not hard to see geometrically that 1 is the maximum
and 0 is the minimum of the normal curvature at p.

Lemma If the function Q(z,y) = ax? + 2bxy + cy?, restricted to the unit circle 2° +y* = 1, has
a maximum at the point (1,0), then b = 0.

Proof Parametrize the circl 22 +y* = 1 by x = cost, y = sint, t € (—¢,27 +¢). Thus, t = 0 is
an interior point of (—¢, 27w + ¢), and @), restricted to that circle, becomes a function of ¢:

Q(t) = acos®t + 2bcostsint + csin’t, t € (—&,27 +¢).

Since ) has a maximum at the interior point (1,0) we have
d
QN g0,
dt ) ,_,

Proposition Given a quadratic form @ in V, there exists an orthonormal basis {e;,es} of V
such that if v € V' is given by v = xe; + yes, then

Hence, b = 0 as we wished.

Q(U) = )\1.1'2 + )\2?/2,

where A\; and Ay are the maximum and minimum, repectively, of @) on the unit circle |v| = 1.

Proof Let A\; be the maximum of @) on the unit circle |v| = 1, and let e; be a unit vector with
max QQ(v) = Q(e;) = A. Such an e; exists by continuity of @) on the compact set |v| = 1. Let

lv|=1
e; be a unit vector that is orthogonal to ey, and set Ay = ()(e2). We shall show that the basis
{e1, ex} satisfies the conditions of the proposition.

Let B be the symmetric bilinear form that is associated to () and set v = xe; + yes. Then
Q(v) = B(v,v) = B(we;, + yeq, ve1 + yey) = Miw? + 2bwy + A\oy?,  where b = B(ey, e3).

By the lemma, b = B(ey, e5) = 0, and thus Q(v) = M\z? + Xoy?, for v = xey + yey € V.
Furthermore, for any v = xe, + yey, with 22 + ¢* = 1, since A\; = ‘ |a>1<Q(v) > Qez) = Ay,

Q) = Ma® + Xay® > Xa(2® + %) = Aa = Q(e2) = Ny = min Q(v).

lv]=1

Since

Theorem Let A:V — V be a self-adjoint linear map. Then there exists an orthonormal basis
{e1,ea} of V such that A(e;) = Aie1, A(ea) = Agey (that is, e; and ey are eigenvectors and
A1, Ao are eigenvalues of A). In the basis {e;,e2}, the matrix of A is clearly diagonal and the
elements A, Ao, Ay > Ao, on the diagonal are the maximum and the minimum, respectively, of
the quadratic form Q(v) = (Av,v), on the unit circle of V.

Proof Consider the quadratic form Q(v) = (Av,v). By proposition above, there exists an or-
thonormal basis {e1, ea} of V such that

Q(e1) = A = max Q(v) = min Q(v) = A = Q(e2).

v[=1] — vl=1
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By setting Ae; = ag1e1 + agies and Aes = aijgeq + aipges, since
an = (Aej,er) =Q(er) = 1 and  ag = (Aer,er) = Bley,e2) =0 = Ae; = A\jey,
and since

12 = <A€2,€1> = B(eg,el) =0 and Qg = <A€2,€2> = Q(eg) = )\2 =4 A€2 = )\262,
: . . . (A0
and in the basis {e;, s}, the matrix of A is W E
2

Remark For each p € S there exists an orthonormal basis {e1,es} of T),S such that

dNy(e1) = —kieq; and dN,(e3) = —koes, where ky = max [[,(v) and ks = min I, (v).

veTRS, |v|=1 veT,S, |v|=1

Definition The maximum normal curvature k; and the minimum normal curvature kq are called
the principal curvatures at p; the corresponding directions, that is, the directions given by the
eigenvectors ey, ey, are called principal directions at p.

Definition If a regular connected curve C' on S is such that for all p € C' the tangent line of C'
is a principal direction at p, then C'is called a line of curvature of S.

Proposition (Olinde Rodrigues) A necessary and sufficient condition for a connected regular
curve C' on S to be a line of curvature of S is that

N'(t) = At)a'(t),
for any parametrization «(t) of C, where N(t) = N o «(t) and A(t) is a differentiable function of
t. In this case, —\(¢) is the (principal) curvature along o'(t).

Proof It suffices to observe that if o/(¢) is contained in a principal direction, then o'(t) is an

eigenvector of dN and
N'(t) = dN(d/(t)) = MNt)/(¢).

The converse is immediate (since dN(o/(t)) = N'(t) = A(t)/(¢)).
Remark For p € S, let {e;,es} be the principal directions at p such that
dNy(e1) = —kie; and dN,(e3) = —kqea,

where by = max I[,(v), ks = min [I,(v) are the principal curvatures at p. For each
veT,S, |v|=1 veT,S, [v|=1

unit vector v € T,,5, since {e1, ea} forms an orthonormal basis of 7,5, we have
v =e;co80 + eysinb,

where ¢ is the angle from e; to v in the orientation of 7,,S. The normal curvature k,, along v is
given by
kn = 1l(v) = =({dN,(v), v)
= —(dNy(e1cost + eysinf), ey cosd + ey sinf)
= (e1k1 cosf + egkysin b, eq cos + eq sin 6)
= kycos® O+ kysin? 6.

The last expression is known classically as the FEuler formula; actually, it is just the expression
of the second fundamental form in the basis {e;, es}.
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Given a linear map A : V' — V of a vector space of dimension 2 and given a basis {vy,va} of V,

we recall that
determinant of A = al +a
termi t of a11a22 A12G22, trace of A = J T e 5 227

where (a;;) is the matrix of A in the basis {v1, v2}. It is known that these numbers do not depend
on the choice of the basis {vy,v2} and are, therefore, attached to the linear map A.

Definition Let p € S and let dN,, : T,,S — T,S be the differential of the Gauss map. Then the
determinant of dV,, is called the Gaussian curvature K of S at p, and the negative of half of the
trace of dN,, is called the mean curvature H of S at p.

In terms of the principal curvatures we can write

-k 0
0 —k

K = detdN, = ‘

= det(—dN,) = kiks, H =tr(—dN,)=tr <k:1 o) _ kit k

0 ko 2

Definition A point p of a surface S is called
1. elliptic if det dN, > 0, e.g. points of a sphere (z —a)® + (y — b)* + (2 — ¢)> = 7% and the
point p = (0,0, 0) of the paraboloid z = 2% + ky?, k > 0.
2. hyperbolic if det dN,, < 0, e.g. the point p = (0,0, 0) of the hyperbolic paraboloid z = y*—a*.
3. parabolic if det dN, = 0, with dN, # 0, e.g. points of a cylinder (z — a)* + (y — b)* = r*.
4. planar if dN, = 0, e.g. points of a plane ax + by +cz +d = 0.

It is clear that this classification does not depend on the choice of the orientation.

Definition A point p € S is called an umbilical point of S if k1 = k».

Observe that all points of a plane (k; = ky = 0) are (planar) umbilical points, and all points
of a sphere of radius r (k1 = ko = %) or the point p = (0,0,0) of the paraboloid z = z* + 3
(k1 = ko = 2) are (nonplanar) umbilical points.

It is an interesting fact that the only surfaces made up entirely of umbilical points are essentially
spheres and planes.

Proposition If all points of a connected surface S are umbilical points, then S is either contained
in a sphere or in a plane.

Proof Let p € S and let X (u,v) be a parametrization of S at p such that the coordinate
V = X(U) C S is connected. Since each g € V' is an umbilical point, there exists a differentiable
function A : V' — R such that

dN,(w) = ANqgw VqeV,Vw=aX, + aX, € T,S
< Nya; + Nyas = A\q) (a1 Xy + a2 X,) Vap, as € R
— N,=X¢)X, and N, = X\(q)X,.

Differentiating the first equation in v and the second one in w and subtracting the resulting
equations, we obtain

Ao(@) Xy — M) X, = 0.

Since X, and X, are linearly independent, we have

Aul(@) = Aolq) =0 VeV
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Also since V' is connected, A(¢) = A (a constant) for all g € V = X(U) C S.

If A =0, then N,(¢) = N,(¢q) =0 for all ¢ € V" and therefore N(q) = Ny (a constant vector) for
all ¢ € V. Thus
(X (u,v), No)y = (X (u,v), Ng)y =0 V(u,v) € U.

Since U C R? is connected, we have
(X (u,v), Ng) = d(a constant) V (u,v) € U

and all points X (u,v) of V' belong to a plane.
If A # 0, since N, = AX,,, N, = AX,, we have

(X(u,v) - %N(u,v)) _ (X(u,v) - %N(u, v)) —0 V(wu) el

u v

Thus there exists a fixed point Y € R? such that

1 1 1
X(u,v)—XN(u,v):Y V(u,v) e U = ](X(u,v)—Y]2:ﬁ|N|2:ﬁ Y (u,v) € U.

1
Hence all points of V' = X (U) are contained in a sphere of center Y and radius |—)\’
Furthermore, observe that if V = X (U) and W = X (U) are connected coordinate neighborhoods
of p = X(ug,v9) = X (tg,v9) € S, then V= X(U) and W = X (U) are contained in the same
plane or in the same sphere by the continuity. This proves that if all points of a connected surface
S are umbilical points, then S is either contained in a sphere or in a plane.

The Gauss Map in Local Coordinates

Let X (u,v) be a parametrization at a point p € S of a surface S, and let a(t) = X (u(t),v(t)) be a
parametrized curve on S, with «(0) = p. To simplify the notation, we shall make the convention
that all functions to appear below denote their values at the point p.

The tangent vector to a(t) at p o' = X,u' + X,v" and

dN(a/) = %N(u(t),v(t)) = Nyu' + Ny’
Xu N X,

Si N=—-—
ince X, A X[

Nu, N, € T,,S, in basis {X,, X, } we may write
(%) Ny = an Xy +an Xy,
*
Ny = a1a Xy + axnX,,

and therefore,
dN (o) = (apu’ + a1o0") Xy + (a2t + axv') Xy;

o ()= (i) (7)
v 21 QA22 v
This shows that in the basis {X,, X, }, dN is given by the matrix (a;;), 7, j = 1,2. Notice that
this matrix is not necessarily symmetric, unless {X,, X, } is an orthonormal basis.

hence,
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On the other hand, the expression of the second fundamental form in the basis {X,, X, }is given
by

II,(a) = —{(dN(d),d) = —(Nu' + Ny, X,u' + X,0)
= e(u)? +2fuv + g(v')?,
where, since (N, X,) = (N, X,) =0
e = _<NuaXu> = <N, qu>>
f = _<Nv7Xu> = <N> Xuv) = <N7 Xvu) - _<Nu>Xv>7
g = _<NvaXv> = <N7 va)-

We shall now obtain the values of a;; in terms of the coefficients e, f, g. We shall now obtain the
values of aij in terms of the coefficients e, f, g. From equations (x) for N,, IV,, we have

—f = —(Nu, Xy) = anF + anG,
—f = —(Ny, Xu) = a12E + a9,
—e = —(N,, X,) =anFE+ankF
—g = —(N,, X,) = anF + anG

where E., F' and G are the coefficients of the first fundamental form in the basis {X,, X,}. In
matrix form, we have

-1
e f a1 Az E F ai;  Qag e f E F
— — <~ - — )
(f 9) <CL12 a22> (F G) (&12 azz) (f 9) <F G) (1)
and thus
ain a1\ —1 e f G —-F\ —1 eG— fF —eF+ fFE
a2 axp) EG-F2\f g/ \-F E) EG-F2\fG—gF —fF+gE)’
Note that the Equations (x), with (a;;) defined in (), are nonlinear partial differential equations
of 2" order for X = X (u,v), called the equations of Weingarten.
From Eq. (f), we immediately obtain the Gaussian curvature
eg — f°
EG — F?%’

To compute the mean curvature, we recall that —k;, —ky are the eigenvalues of dN Therefore,
k1 and ks satisfy the equation

K(p) = det(—dN,) = det(a;;) =

dN(v) = —kv = —klIv for some v € T,,S, v # 0,

where [ is the identity map. It follows that the linear map dN + kI is not invertible; hence, it
has zero determinant. Thus,

k
det (M1 7F “2) =0 = K+ (a1 + an)k + (a11a2s — a1a21) = 0,
a91 ag +k

Since ky and ks are the roots of the above quadratic equation, we conclude that

1 1 leG —-2fF +gE
H:§(k1+k2):—§(a11+a22) =3 / 9=,

2 EG-F?
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K> —2Hk+K=0 < k=H+VH?- K.

From this relation, it follows that if we choose k1(q) > k2(q), ¢ € S, then the functions k; and ks
are continuous in S. Moreover, k; and ks are differentiable in S, except perhaps at the umbilical

points (H* = K) of S.

Examples

1. Let U be an open subset of R? and let S be the graph of a differentiable function z = h(z, y),

(x,y) € U. Then S is parametrized by

X(z,y) = (z,y, h(x,y)),

A simple computation shows that

joo Dt Py

(z,9)

eU.

1+ h2)hyy — 2hehyhey + (14 h2) o

(14 h2 + h2)?’

(14 n2 4 h2)3/2

2. Consider a surface of revolution parametrized by

X(u,v) = (p(v) cosu, p(v) sinu, (v))

The coefficients of the first fundamental form are given by

E = ¢?

that

F =0,

G =(¢)"+ )"

It is convenient to assume that the rotating curve is parametrized by arc length, that is,

(WP +W)P =G =1

The computation of the coefficients of the second fundamental form is straightforward and

yields
(XU7 Xm qu) 1
(& = —
VEG—F2  VEG — 2
f . (Xu>Xv7Xuv) o 1
- VEG_-F* EG - F?
(Xm Xm va) 1
g = =

VEG—F2 JEG — F?

Since F' = f = 0, we conclude that the parallels (v =const.) and the meridians (u =const.)

—psinu P Cosu
o' cosu ¢ sinu
—pcosu —esinu
—psinu  pcosu
o' cosu  ¢'sinu
—¢'sinu ¢ cosu
—psinu  @Ycosu
o cosu  ¢'sinu
Y’ cosu ¢"sinu

O0<u<2m a<v<b, p(v)#0.

,(/}I — wlspll _ 77ZJ//SOI
w//

of a surface of revolution are lines of curvature of such a surface.

Because
K _

eg—f*

¢/ (,L/}/SOII _ ¢’/¢/)

- EG-F?
and ¢ is always positive, it follows that the parabolic points are given by either ¢/’ = 0 (the

¥

tangent line to the generator curve is perpendicular to the axis of rotation) or ¢'¢” —1)
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Geometry Study Guide 3 (Continued)

(the curvature of the generator curve is zero). A point which satisfies both conditions is a
planar point, since these conditions imply that e = f = g = 0.

It is convenient to put the Gaussian curvature in still another form. By differentiating
(SOI)Q _'_ (w/)2 - 1 we Obtain QOIQO” — —w/w”. Thus

" _w/(w/(p// _ w”@,) _ _(1#')290" + (90,)2§0” _ _90_”
© © @

3. Let a > r > 0, and consider the parametrization
X (u,v) = ((rcosu+ a)cosv, (rcosu+ a)sinv,rsinu), 0<u<2m 0<v<27

of the torus generated by rotating S* = {(y,2) | (y — a)* + 2*> = r*} about z-axis. Since

X, = (—rsinucosv,—rsinusinv,rcosu),

X, = (—=(rcosu-+a)sinv, (rcosu+ a)cosv,0),
Xy = (—rcosucosv,—rcosusinv, —rsinu),

Xy = (rsinusinv, —rsinucosv,0),

Xy = (—(rcosu+ a)cosv, —(rcosu+ a)sinv,0),

we obtain X,AX, = (—rcosu (rcosu + a) cosv, —rcosu (rcosu + a)sinv, —rsinu (rcosu + a)) ,
E=(X,X,)=r" F=(X,X,)=0 G=(X,,X,)=(rcosu+a)?

| Xu A Xy| = VEG — F? =r(rcosu+ a), and

Xu /\ X’U X’LL /\ XU? X’LLU 2
e = (N, Xy) = (—222" uu>:< >:’"<TCOS“+CL>ZT,
|Zu A X VEG — F? r(rcosu+ a)
XuNX, (Xu N Xy, Xuw)
== NXuv = —7Xuv = :07
f=(N, Xu) <|:cu/\XU| ) eI
X’U/ /\ XU XU /\ X’U) XU'U 2
g= (N Xy = (oA Ko ) _reosulreosuta) o cosu+a),
|z, A X, VEG — F2 r(rcosu+ a)
eqg — f? cos u
and K = = . Note that K = 0 when v = 7/2 or u = 37/2, the

EG—F?  r(rcosu+ a)
points of such parallels are parabolic points; K < 0 when 7/2 < u < 37/2, the points in
this region are hyperbolic points; and K > 0 when 0 < u < 7/2, or 37/2 < u < 27, the
points in this region are elliptic points.

Rotation
axis

Generating
circle
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Geometry Study Guide 3 (Continued)

Proposition Let p € S be an elliptic point of a surface S. Then there exists a neighborhood V'
of p in S such that all points in V' belong to the same side of the tangent plane 7,,S. Let p € S
be a hyperbolic point. Then in each neighborhood of p there exist points of S in both sides of
T,S.

Proof Let X (u,v) be a parametrization of S at p, with X(0,0) = p, and let d : X(U) — R be a
function defined by

d(q) = (X(u,v) — X(0,0), N(p)), forq= X(u,v)e X(U).

Since X (u,v) is differentiable and by the Taylor’s formula, we have
1 _
X (u,v) = X(0,0) + X,(0,0)u + X,(0,0)v + 5(qu(o, 0)u? + 2X,(0,0)uv + X, (0,0)0?) + R,
where the remainder R satisfies that

, R
lim —— =
(uv)—(0,0) U2 + V2

It follows that (X,(0,0), N(p)) = (X,(0,0), N(p)) = 0 and

d(q) =

—~

X(u, U) - X(07 0)7 N(p)>
(Xuu(0,0), N(p))u® + 2(X(0,0), N (p))uv + (Xo(0,0), N(p))v*} + (R, N(p))

=

eu® + 2 fuv + gv*} + (R, N(p))

(NN NN NOR e
~
~

p(w) + (R, N(p)),

R,N
where w = X,(0,0)u + X,(0,0)v € T,S and  lim (R Np)) = 0.
(u)—(0,0) U2 + v2
For an elliptic point p, K(p) > 0, so the principal curvatures ki, ks have the same sign and thus
I1,(w) = k, has a fixed sign for all w € T,S satisfying |w| = 1 (by the Euler formula). Therefore,
for all (u,v) sufficiently near p, d has the same sign as I1,(w); that is, all such (u,v) belong to

the same side of T,9.

For a hyperbolic point p, K(p) < 0, so the principal curvatures ki, ks have the opposite signs,
and in each neighborhood of p there exist points (u,v) and (u,v) such that I[,(w/|w|) = k
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Geometry Study Guide 3 (Continued)

and [1,(w/|w|) = ke have opposite signs (here w = X,,(0,0)u + X,(0,0)v and w = X, (0,0)u +
X,(0,0)v are principal directions); such points belong therefore to distinct sides of T,S.

Proposition Let p be a point of a surface S such that the Gaussian curvature K(p) # 0, and
let V' be a connected neighborhood of p where K does not change sign. Then

where

e A is the area of a a region B C V' containing p,

e A’ is the area of the region N(B) in $?,

and the limit is taken through a sequence of regions B, that converges to p, in the sense that
any sphere around p conatins all B,,, for n sufficiently large.

Proof Suppose K > 0in V. Let X : U — S be a parametrization of S at p such that V C X (U)
and let B = X(R). Since
= // | Xu A X,|dudv, and A = // [Ny A N,| du dv :/ K| X, A X,|dudv,
R R R

we have

lim K|X, A X,

LA AR RH)A / XunXoldudv g n x|
Jim / Xy A Xy dudo PNl
~>0A

A—0 A A—0 A/A(R)
Remark In the proof, we have used the following Theorems from Advanced Calculus.

= K(p).

e Change of Variables Theorem Let F' : U — V be a diffeomorphism between open
subsets of U, V. C R", let D* C U and D = F(D*) C V be bounded subsets, and let
f D — R be a bounded function. Then

/f(yl,...,yn)dyl---dyn = f(F(z1,...,2,)) |det DF(xy, ..., 2,)|dxy - - - dzy,
D D*
6(91:---,%)
= F — 7 dry -+ d
/D* f( ($1’ 7];”)) ‘a(ﬂfl,...,l’n> (L‘l :L‘n

e Theorem Let f: B.(p) — R be a function defined on the ball B,(p) C R" of radius r and
center p. If f is continuous at p, then

1

y—%V(B—p(M) /Bp( )f(x) dr = f(p), where V(B,(p)) = /Bp( ) dx = the volume of B,(p).

Proof Since

1 1 , B
10 =10 5o L= gy 0 e ) = 1)
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Geometry Study Guide 3 (Continued)

we have for any € > 0, there is a § > 0 such that if z € Bs(p) then |f(z) — f(p)| < €, so for
all 0 < p < 6, we have

] 1 = 1111 ! xT) — X
S TEG o0 = B /01
1
S BT IO

Since ¢ > 0 is arbitrary, we have
1

lim VB, s f(x)de = f(p).
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